CHUONG 6. PHUONG TRINH VI PHAN CAP CAO
Nhiing y tuéng co ban cua phuong trinh vi phan da dugc giai thich trong Chuong 9, ¢ 6
chung ta da tip trung vao phuong trinh cdp mot. Trong chwong ndy, ching ta nghién ciru
phuong trinh vi phan tuyén tinh cip hai va tim hiéu ap dung chiing ra sao dé giai quyét cac bai
toan lién quan dén sy rung dong ciia 16 xo va phan tich cic mach dién. Chiing ta ciing s& xem
xét cac chudi vo han c6 thé dugc st dung dé giai cac phwong trinh vi phan.
6.1. Phwong trinh vi phan tuyén tinh cip hai
Mot phuong trinh vi phan tuyén tinh cap hai c6 dang
[1]  PEY"(®)+ Qx)y'(x) + RX)y(x) = G(x)
trong do P, Q, R va G 1a cac ham lién tuc. Chung ta da thay tai muc 5.1 rang cac phuong trinh
thudc loai ndy phat sinh trong viéc nghién ciru chuyén dong cta 16 xo. Trong phan 6.3, ching
ta sé& tiép tuc theo dudi img dung nay ciing nhu viéc ap dung t6i cac mach dién.
Trong phan nay ching ta nghién ctru truong hop G(x) = 0 véi moi x trong phuong trinh
[1]. Nhitng phwong trinh nhu vay 1a phuong trinh tuyén tinh thuan nhat. Do d6, dang ciia mot
phuong trinh vi phan tuyén tinh thuan nhét cip hai 1a
2]  PX)Y"()+QXx)y'(x) + RX)y(x) =0
Néu G(x) # 0 v&i moi x, phwong trinh 1 dwoc goi 1a khong thuin nhét va dwoc trinh
bay trong muc 6.2.
6.1.1. Phwong trinh vi phdn tuyén tinh cdp hai thuan nhat
Hai dinh 1y co ban cho phép chung ta gidi phwong trinh tuyén tinh thuin nhit. Pinh
ly thit nhit néi rang t6 hop tuyén tinh cda hai nghiém ciing 1a nghiém.
[3] Pinhly  Né&u yi(x) va yz2(x) la hai nghiém ctia phwong trinh thudn nhat [2] va c1 va
cz2 1a nhitng hang s6 thiy = c1y1(x) + cz2y2(x) cling 1a nghiém cta Phwong trinh 2.
Chirng minh Bdi vi y1 va yz 1a cac nghiém cua phuong trinh [2], ta c6
P(x)y1" + QX)y1' + R(x)yr = 0 va P(x)y2" + Q(x)y2" + R(x)y2=0
Do d6 sir dung cac quy tic co ban cia dao ham, ta co
PX)y" + Qx)y' + R(x)y
=P(X)(c1y1 + c2y2)" + Q(X)(c1y1 + cay2)' + R(X)(c1y1 + cay2)
=PXx)(c1y1" + c2y2") + Q(x)(c1y1' + c2y2") + R(X)(c1y1 + c2y2)
= ci[PX)y1" + Q)y1' + R(X¥)y1] + o[ P(X)y2" + Q(x)y2' + R(x)y2]
=c1(0) +c2(0)=0
Vivayy = c1y1(x) + c2y2(x) cling la nghiém cta Phwong trinh 2. [ |
Dinh 1y thir hai néi rang néu y; va y» 14 hai nghiém doc 1ap tuyén tinh, tic yi(x)/y2(x) #
const, thi t6 hop tuyén tinh ctia ching s& 1a nghiém tong quat ctia phuong trinh thuin nhat.
[4]Pinhly  Néuy; va yz 1a hai nghiém doc lap tuyén tinh ctia Phuong trinh 2, va P(x) # 0,
thi nghiém tong quat dugc cho boi  y(x) = Ciy1(x) + Caya(x), véi Ci va Cz 12 nhitng hang s6
tuy y.
Trong truong hop téng quat, khong dé tim dwoc nghiém riéng cua phuong trinh tuyén
tinh cp hai. Nhung diéu d6 hoan toan c6 thé néu cic ham P, Q va R 1a cic hang s, tic 1a

phuong trinh thuan nhat c6 dang



[5] ay" +by'+cy=0  trongdo a, b vac - const

Khong kho dé tim tng ctr cho nghiém riéng ctia phuong trinh [5] néu chung ta phét biéu
phuong trinh bang 16i. Ching ta tim ham y sao cho mot hang s6 nhan véi y" cong voi hing sb
khac nhan véi y' cong véi hang sb thir ba nhan véi y 12 bang 0.

Chung ta biét ring ham mil y = e™ (r — const) c6 tinh chat 1a dao ham ctia n6 bang mot
hang s6 nhan véi né: y' = re™. Hon nita, y" = r2e™. Néu chung ta thay cac biéu thirc d6 vao
phuong trinh [5], ta thdy y 1a nghiém néu

ar?e™ + bre™ +ce™ =0 hoic (ar?+br+c)e™ =0

Nhung e™ khac 0, nén y = e™ 1a nghiém cua phuong trinh [5] néu r 1a nghiém cia
[6] ar’+br+c=0

Phuong trinh [6] duogc goi 1a phuong trinh déc trung (characteristic) ciia phuong trinh vi
phan ay" + by' + ¢ = 0. Chu y rang phuong trinh dai s6 nhan duoc tir phuong trinh vi phan bang
cach thay y", y' va y boi 72, r va 1 twong mg.

Doi khi cac nghiém 11 va 12 ctia phuong trinh dic trung c6 thé tim duge bang sy phan tich

ra thira s6. Trong nhung truong hop khac chiung duge tim béi cong thic:

—b + Vb?% — 4ac . —b —Vb? — 4ac
[7] = >a va 1= 2a

Chung ta phéan biét cac truong hop dua vao dau cta biét thirc b — 4ac.
Truong hop 1 b? —4ac > 0

Trong trudng hop ndy cac nghiém r1 va r2 cua phuong trinh dac trung 1a phan biét, nén
y; = e va y, = e™* 13 hai nghiém doc 1ap tuyén tinh ciia phuong trinh [5]. Do d6
[8] Néu phuong trinh dic trung c6 hai nghiém thuc phan biét r1 # ra thi nghiém tong quat
cua phuong trinh ay" + by' + cy =0 1a

y = Cie"* + Ce™?*
Vidul Giai phuong trinh y" +y' — 6y = 0.
Loi giai Phuong trinh déc trung la
+r—-6=0-2)r+3)=0
nén co cac nghiém 14 71 = 2 va 2 = -3. Do d6 nghiém tong quat1a y = C;e?* + C,e™3* =
Chung ta c6 thé kiém tra rang d6 thyuc sy 1a nghiém bang

cach tinh cac dao ham rdi thay vao phuong trinh vi phan.

Hinh 1 1a d6 thi cua cac duong cong nghiém co ban
3x

4 f= e2x va g=e"

9—f cung mot s6 nghiém khac 13 t6 hop tuyén tinh cta f va g.

=5

Hinh 1
Vidu2 Giai phuong trinh 3y" +y' —y = 0.
Loi giai Giai phuong trinh dac trung chung ta nhan dugc
—-1++13
r=—%

Vay hai nghiém co ban cta phuong trinh vi phan la



—1—+/13 —1++13

y=e s va  y=e s *
x -1-vi3 —14+/13
Nghlém t6ng quét la y= C1y1 + Czyz = Cle 6 + Cze 6 |
Truong hop 2 b? —4ac =0

Trong trudong hop r; = r, = r, tltc 1a phuong trinh dac trung c6 nghiém kép. Tu phuong
trinh [7] chiing ta ¢
[9] rz—% nén 2ar+b =0

Chung ta biét ring y; = e™ la mot nghiém ciia phuong trinh [5], bay gid chung ta kiém
tra lai rang y, = xe™ ciing 1a nghiém:

ay," + by, + cy, = a(2re™ + r2xe™) + b(e™ + rxe™) + cxe™

= (2ar + b)e™ + (ar? + br + ¢)xe™ = 0e"™ + 0(xe™) =0

Biéu thirc trong ngodc don dau tién bang 0 1a theo phuong trinh [9], con biéu thic thi hai
bang 0 vi  1a nghiém cua phuong trinh dic trung. Vi cac nghiém y; = e™ va y, = xe™ la doc
1ap tuyén tinh nén theo Pinh 1y 4 ta nhan duoc nghiém tong quat.
[10] Néu phuong trinh dic trung ar? + br + ¢ = 0 c¢6 nghiém kép 7 thi nghiém tong quat
cua phuong trinh ay" + by' + cy = 01ay = Cie™ + C,xe™ = (C; + Cx)e™

Vidu 3 Giai phuong trinh 4y" +12y"+9y =0
Loi giai Vi 4r%2 + 12r + 9 = (2r + 3)? nén phuong trinh dic trung c6 nghiém kép
r=— % nén nghiém tong quat 1a
iy 3 3 3
: y =Cie 2" + Cyxe 2" = (C; + Cyx)e 2° [
\ 3
s Hinh 2 trinh ra d6 thi cia cic nghiém co ban f = e 2"
f+g AL 3 )
/ :ﬂ va g = xe 7" cung mdt s nghiém riéng. Chi y ring tat ca cac
Hinh 2 =5 nghiém d6 déu dan vé 0 khi x — oo
Truong hop 3 b? —4ac <0
Trong trudng hop nay, phuong trinh dac trung cé cac nghiém phtrc lién hop
n=a+if rn,=a—Iif

trong d6 o va B 1a cac sé thuc. Cu thé, @ = — %, B = bzz_:ac.

Khi d6 st dung phuong trinh Euler e® = cosf + isin6), ta biéu dién hai nghiém co ban

duéi dang khac:
y, = e@HPx = e (cosBx + isinfx)  y, = e(@TF* = e®*(cosPx — isinfix)
Tu day ta nhan dugc hai nghiém co ban thuan thuc 1a
V= %(yl + iz) = eYcosfx V, = é(il — 72) = eYsinfx

[11] Néu phuong trinh dic trung ar? + br + ¢ = 0 co nghiém phitc ry = a + i, 7, = a — iff
thi nghiém tong quat cia ay" + by’ + cy = 01ay = e**(C,cosfx + C,sinfx)
Vidu 4 Giai phuong trinh  y" — 6y’ + 13y = 0.
Loi gidi Phuong trinh ddc trung 1a % — 67 + 13 = 0 ¢6 nghiém phttc 1, , = 3 £ i2.

Theo cong thirc [11], nghiém tong quat 1a y = e3*(C,cos2x + C,sin2x)



hop tuyén tinh ciia chiing.

3
f+g
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)

6.1.2. Bai todn gid tri ddu va bai todn bién

Hinh 3

sao cho thoa man cac gia tri dau

y(xo) =yo ¥ (x0) =3
trong d6 y, va ¥, 1a cac hing sé cho trudc.

Hinh 3 1a do thi ctia cac nghiém co ban f = e3¥cos2x va g = e3*sin2x cung mot vai to

Bai toan gi4 tri dau cua phuong trinh vi phan cip hai 1a tim nghiém y ctia phuong trinh

k¥ thuat giai cac bai toan nhu thé.

Nguoi ta chirng minh dugc rﬁng, néu trén mot khoang nao do6, P, Q, R va G 1a lién tuc va

Giai bai toan gié tri dau
y'+y' —6y=0
Loi giai

y(@©0) =1

y(x) = Cie?* + Ce™3*

y'®) =2C,e?* — 3C,e™%*
e Dé thoa man cc dicu kién dau thi
| [12]
2 ; 2 [13]
Hinh 4

y0)=C+C=1
y'(0) =2C,—3C, =0

C+2C=1> (=2
Vi thé nghiém can tim cda bai toan gia tri daulay = %ezx + ée‘“
Vidu 6 Giai bat gia tri dau
Loi gidi

y'+y=0 y(0) =2 y(0) =3
Phuong trinh ddc trung 7% + 1 = 0 c6 nghiém r; , = +i.
h]

Do d6 nghiém tong quat la
P Fa? y(x) = Cycosx + Cysinx
e t‘ j,f" \ :,f' - Vi y'(x) = —C;sinx + C,cosx
% & \ / nén tir didu kién dau ta co
LW L
Hinh 5 =

C1 = 2, CZ =3
Vay nghiém cua bai toan 1a y = 2cosx + 3sinx
sao cho thoa man céac diéu kién bién

y(x0) = yo

y'(0) =
Tt Vi du 1 chung ta biét rang nghiém tong quat ctia phuong trinh 13
20

Dao ham nghiém nay ta nhan dugc

CZ =

P(x) # 0 thi nghiém ctia bai toan gia tri dau 14 ton tai va duy nhat. Vi du 5 va Vi du 6 minh hoa
Vidu5

0

Tir [13] ta ¢6 C; = = C; va do do tir [12] cho

2
5

[ ]
Bai toan bién cua phuong trinh vi phan cap hai 1a tim nghiém y ctia phuong trinh vi phan

y(x1) = y1
phap giai dugc minh hoa trong Vi du 7.

Nguoc lai v6i bai toan gi tri dau, bai toan bién khong phai ludn luén c6 nghiém. Phuong



Vidu?7 Giai bai toan bién y'+2y+y=0 y0)=1 y(1) =3

Loi giai Phuong trinh dic trungla 724+ 2r+1=0hay (r + 1)2 =0
5 nén c6 nghiém képr = —1
L P Do d6 nghiém tong quat 1 y(x) = Cie ™™ + Cxe ™
T _ Dé thoa man céc gié tri bién thi

y(0)=C;=1vay(l) =Cie 1+ Ce =3

Giaraduoc C; =1vaC, = 3e — 1.

Hinh € Vi vay nghiém cta bai toan biénlay = e ™ + (3e — 1)xe *m
Tém tit vé nghiém ciia phuong trinh vi phin ay"+ by +cy=0
Nghiém cua phuong trinh dac trung Nghiém tong quat
1, # 1, (nghiém thuc) y = Cie™* 4+ C,e™?*
n=r=r y =Ce™ + Cxe™
11, = a £ if (nghiém phirc) y = e (C;cosBx + C,sinfx)

6.2. Phwong trinh vi phan tuyén tinh cip hai khong thuin nhat
Trong muc nay chiing ta hoc cach lam thé nao dé giai phuong trinh vi phan tuyén tinh
cép hai khong thuan nhat hé sb hang s6, tirc 1a phuong trinh dang

[1] ay" + by +cy = G(x)
trong d6 a, b va ¢ la cac hang s6 va G(x) 1a ham lién tuc. Phuong trinh thuan nhét tuong tmg
[2] ay"+by' +cy=0

duogc goi 1a phuong trinh b tro va dong vai tro quan trong ddi véi viée giai phuong trinh khong
thuan nhat goc [1].
[3]1Pinh ly  Nghiém tong quat ctia phuong trinh khong thuan nhat [1] ¢6 thé viét dudi dang
y () = yp(x) + y: (%)
trong d6 yp 1a nghiém riéng cta phuong trinh khong thuan nhét [1] va y. 1a nghiém tong quat
ctia phuong trinh thudn nhat twong tng [2].
Chirng minh Gia sir y(x) 1a nghiém tong quat va Yp(x) la mot nghiém riéng cua
phuong trinh [1]. Ta chimg minh y — y,, 1a nghi¢m cta phuong trinh [2]. That vay,
a(y - yp)” +b(y - yp)’ +c(y - yp) =ay" —ayy, +by' — by, +cy —cy,
= (ay" + by’ + cy) — (ay," + by, + cy,) = G(x) = G(x) =0

Diéu d6 chimg to y — ¥p la nghiém ctia phuong trinh [2]. Nhung vi y 1a nghiém tong quat
ctia [1] nén né chira hai hing sd, vay y — Yp chura hai hing sb, nén né 1a ngj téng quat cta
phuong trinh [2]. Tac lay —y, = y. hayy =y, + y.. [

Tir muc 6.1 chung ta ta da biét cach tim nghiém tong quat ctia phuong trinh thuin nhat.
Dinh 1y 3 néi rang ta s& biét nghiém tong quat ctia phuong trinh khong thuan nhét néu ta biét
dugc mot nghiém riéng cua no y,,. C6 hai phuong phap dé tim nghiém riéng: Phuong phéap hé
s6 bat dinh 1a don gian nhung chi chi dung cho mét 16p han ché cac ham G. Phuong phap dao
ham céac tham s str dung cho moi ham G nhung thudng khé 4p dung trong thyc té.
6.2.1. Phwong phdp hé sé bat dinh

Trude hét ching ta minh hoa phuong phap hé sé bat dinh cho phwong trinh



ay" + by +cy = G(x)
trong 6 G(x) 1 da thirc. C6 co s& dé dy doan ring c6 mot nghiém riéng y, la da thirc cung bac
v6i G boi vi y 1a da thirc thi ay”’ + by’ + cy ciing 1a da thirc. Vi thé chung ta thay y,(x) boi
mat da thirc cting bac voi G vao phuong trinh vi phan va xac dinh cac hé sé cua da thic do.

Vidu 1 Giai phuong trinh y" + y' — 2y = x?
Loi giai Phuong trinh dac trungcuay” +y' —2y =01a
r’+r—-2=00-1)@+2)=0,conghibmr, =1var, = —2.
Vi thé nghiém tong quat ciia phuong trinh thuan nhét tvong tng 13 y. = C;e* + C,e 2%
Boi vi G(x) = x? 1a da thitc bac 2 nén chiing ta tim nghiém riéng dang
yp =Ax*+Bx +C
Khi dé y, = 2Ax + B vay,’ = 24, thay vao phuong trinh vi phan da cho, ta duoc
(24) + (2Ax + B) — 2(Ax? + Bx + C) = x?
hay —2Ax? + (2A — hai bién)x + (2A + B — 2C) = x*
Céc da thirc bang nhau khi céc hé sé bang nhau, vi vay
8 y,+2f+3g 2A=1 2A-2B=0 2A+B-2C=0
\ k / Nghiém ctia hé phuong trinh dai sé nay la
']-"+3'{,.",f/’<,,+2_:" A:_% B :_% C:_Z
-3 —e N ,, 3 Nghiém riéng ctia phuong trinh khong thuan nhat 1a
e \ __le_ 1,3
V() = —cx* —Zx—+
Hinh 1 & va theo Pinh 1y 3, nghiém tong quat 1a
y=yc+yp=—%x2—%x—%+ Cie* + Ce™** [

Hinh 1 thé hién bén nghiém ctia phuong trinh vi phan trong Vi du 1 theo nghiém riéng y,
va cac ham f(x) = e* va g(x) = e™%*,
Néu vé phai cta phuong trinh [1] ¢6 dang Ce** v&i C va k 1a cac hang sd, thi ching ta

thur tim nghiém riéng cung dang do, y, (x) = Ae**_ boi vi dao ham ctia e** bang hang s6 nhan

véi ekx,
Vidu 2 Giai phuong trinh ~ y"' + 4y = e3*
Loi giai Phuong trinh ddc trung r? + 4 = 0 ¢6 nghiém +i2, vi vy nghiém cta phuong
1 trinh thuan nhét tuong tmg 13 y.(x) = C,cos2x + C,sin2x.
.-“:,!'I Ta thu tim nghiém riéng dang y,, = Ae3*, khi do
& '**‘; e 17 ¥, = 3Ae3* va  y," = 94e%
- - T “——=—"—2 Thay vao phuong trinh vi phén ta c6
e 9Ae> +4(34e%) = €%, nén A = =, vay, = —e>*.
Hinh 2 =S

Nghiém tong quat y(x) = %63" + Cic0s2x + C,sin2x. m

Hinh 2 1 d6 thi cua cic nghiém cta phwong trinh vi phan trong Vi du 2 theo y, va cac
ham f(x) = cos2x va g(x) = sin2x. Chul y rang tat ca cac nghiém dan t6i oo khi x — oo va tat ca
céc nghiém (loai trir y,) giéng cac ham sine khi x am.

Néu G(x) ¢6 dang cuia cac ham Ccoskx hodc Csinkx thi chiing ta tim nghiém riéng dang



yp(x) = Acoskx + Bsinkx

Vidu3 Giai phuong trinh y'' + y' — 2y = sinx
Loi giai Chung ta thir tim nghiém riéng dang y,, = Acosx + Bsinx.
Khi do Yp = —Asinx + Bcosx vay, = —Acosx — Bsinx

Thay vao phuong trinh vi phén ta nhan duoc
(-Acosx — Bsinx) + (-Asinx + Bcosx) — 2(Acosx + Bssinx) = sinx
hay (-3A + B)cosx + (-A — 3B)sinx = sinx
1 3

bicu do dingnéu-3A+B=0va-A-3B=1,hayA=—-— B= ——

Vay nghi¢m riéng la y, = — 11—0 coSxX — 1% sinx

Trong Vi du 1 chiing ta da xac dinh nghi¢m tong quat ciia phuong trinh thuan nhat la
ye = Cie* + C,e~?* vi vy nghiém tong quat ciia phuong trinh ban dau la

y(x) = —%(cosx + 3sinx) + C;e* + C,e™%* [

Néu G(x) 1a tich ctia cac ham thudc kiéu da néi & trén thi ching ta thir tim nghiém dudi
dang tich cua cac ham d6. Vi duy, khi giai phuong trinh vi phan y" + 2y' + 4y = xcos3x, ta thu
tim nghiém riéng dang y, = (Ax + B)cos3x + (Cx + D)sin3x.

Néu G(x) 1a tong ctia cac ham kiéu d6, chiing ta d& dang kiém tra nguyén ly chdng chat
nghiém, rang néu Yp, va Yp, tuong ung la cac nghiém cua cac phuong trinh vi phan

ay”" +by' +cy =G;(x) va ay" +by' +cy = G,(x)
thi y, + ¥p, 1a nghiém cia phuong trinh vi phan ay" +by' + cy = G1(x) + G,(x)
Vi du 4 Giai phuong trinh y'" —4y = xe* + cos2x
Loi giai Phuong trinh dic trung 12 — 4 = 0 ¢6 cac nghiém +2, vi vay nghiém tong quat
ctia phuong trinh thudn nhat twong ing 13 y, = C,e%* + C,e %%,

Véi phuong trinh y'' — 4y = xe*, ta tim nghiém riéng dang Yo, = (Ax + B)e”*, khi d6

ypl’ = (Ax + A+ B)e*, ypl" = (Ax + 24 + B)e*, thay vao phuong trinh da cho

(Ax + 2A + B)e* — 4(Ax + B)e* = xe* hay (—3Ax + 2A — 3B)e* = xe*
Viviy -3A=1va2A-3B=0,nénd=—;,B=—2vay, = (—%x—%)ex
Doi voi phuong trinh y'' — 4y = cos2x, ta tim nghiém riéng dang

Yo, = Ccos2x + Dsin2x
Khi do yp’2 = —2Csin2x + 2Dcos2x, yp’z’ = —4Ccos2x — 4Dsin2x
Thay vao phuong trinh vi phan y"’ — 4y = cos2x ta dugc
—4Ccos2x — 4Dsin2x — 4 (ypz = Ccos2x + Dsian) = cos2x

hay —8Ccos2x — 8Dsin2x = cos2x

Dod6C =—2vaD=0,nény, =—=cos2x

Theo nguyén ly chong chat nghiém, nghiém tong quat 1a

y = —(§x+§) ex—36052x+C162x+C29_2x .



Cubi cling, chung ta cht y rang doi khi nghiém thir dé xuat lai 1a nghiém ctia phuong trinh
thuan nhat va do d6 khong thé 1a nghiém ctia phuong trinh khong thuan nhat. Trong trudng hop
nhu vy chung ta nhan nghiém d& xuét véi x (hoic x? néu can).

Vidu$5 Giai phuong trinh y" + y = sinx
Loi giai Phuong trinh dic trung r2 + 1 =0 ¢6 cac nghiém +i, vi vy nghiém tong quat ciia
phuong trinh thuan nhét twong tng 13 y,(x) = C;cosx + C,sinx

Thong thuong, chung ta thir tim nghiém riéng dang y,(x) = Acosx + Bsinx, nhung
chung ta nhan dugc nghiém ciia phuong trinh thuan nhat, vi thé chung ta thir véi

4 ¥p(x) = (Ax)cosx + (Bx)sinx, khi d6
¥p'(x) = (Bx + A)cosx + (—Ax + B)sinx
¥y (x) = (—Ax + 2B)cosx + (—Bx — 2A)sinx

Thay vao phuong trinh vi phan ta co6

Yp +¥p = —2A4sinx + 2Bcosx = sinx
Hinh 4 = VivéyAz—%,B=OVéyp(x)=—%xcosx
Nghiém tong quat cta phuong trinh khong thun nhat 13
y = —%xcosx + Cicosx + Cysinx [
Hinh 4 13 d6 thi ctia mét sb nghiém riéng trong Vi du 5.
Tém tit phwong phap hé sé bat dinh
1. NéuG(x) = e™P(x): Ky hiéu Q, R 14 cc da thirc cting bac véi P(x), hé s6 chua xac dinh.
(a) Néu a khong phai 1a nghiém ciia phuong trinh dic trung
Vp(x) = e Q(x)
(b) Néu a 1 nghiém don ciia phuong trinh dic trung
Yp(x) = [ Q(x)]x
(c) Néu o 1a nghiém kép ctia phuong trinh dic trung
¥p (1) = [e*Q(x)]x?
2. Néu G(x) = cos fx P(x) hodc G(x) = sin fx P(x)
(a) Néu +ip khong 1 nghiém cua phuong trinh dic trung
¥p(x) = cos fx Q(x) + sin fx R(x)
(b) Néu +ip 1a nghiém ciia phuong trinh dic trung
¥p(x) = [cos Bx Q(x) + sin fx R(x)]x = cos Bx Q(x)x + sin fx R(x)x
3. Néu G(x) = e®cos fx P(x)
Dity = ue®™ thiy' = (u' + aw)e®™ vay" = (u" + 2au’ + a?u)e®, thay vao ta dugc
al” + 2au’ + a?u)e®™ + b(u' + au)e®™ + cue® = e™*cos fx P(x)
hay au” + (2aa + b)u’ + (aa? + ba + c)u = cos fx P(x)
Ttc 1a ta da dua vé truong hop thir 2 theo ham can tim 13 u. Giai phuong trinh cudi cling
ta nhan duoc u(x), khi d6 nghiém riéng ctia phuong trinh vi phan ban dau 13 y(x) = u(x)e**
Vidu 6 Giai phuong trinh y"' — 4y’ + 13y = e**cos3x
Loi giai O day G(x) c6 dang 3 trong phan tom tat, véi a =2, p =3 va P(x) = 1.
Vi vay, ta dity = ue?*,khido y' = (u' + 2u)e?*, y" = (u" + 4u’' + 4u)e?*.



Thay vao ta duge (u'' + 4u’ + 4u)e®* — 4(u’ + 2u)e®* + 13ue? = e?*cos3x
hay  u" + 9u = cos3x. Phuong trinh dic trung r> + 9 = 0 ¢6 cac nghiém ri» = +i3.
Vi +if = +13 1a nghiém cua phuong trinh dac trung nén ta tim nghiém riéng dang
u, = cos3x[Ax] + sin3x[Bx],
khi do uy, = cos3x[3Bx + A] + sin3x[-3Ax + B]
uy, = cos3x[—9Ax + 6B] + sin3x[—9Bx — 64]
Thay vao phuong trinh vi phén cta u, ta dugc
cos3x[—9Ax + 6B] + sin3x[—9Bx — 6A] + 9[0053x[Ax] + sin3x[Bx]] = cos3x
hay  cos3x[(0)x + 6B] + sin3x[(0)x — 6A] = cos3x
Dm%6B:L£A=QmWA=0Jrf.V@upznmngx}
Nghiém riéng cua phuong trinh vi phan da cho la yp = up(x)e?* = %xsin3x.
Phuong trinh ddc trung 7% —4r + 13 = (r —2)?2 +9 = 0 c6 nghiém r;, = 2 + i3 nén
nghiém tong quéat ciia phuong trinh thuin nhat trong tmg 1a
ye(x) = e?*(C1cos3x + C,sin3x)
Vay nghiém tong quat cua phuong trinh vi phan khong thuan nhét da cho 1a

y = %xsinSx + e?*(C,cos3x + C,sin3x) u

6.2.2. Phwong phdp bién thién tham sé

Gia sir rang chung ta da giai dugc phuong trinh thuan nhat ay”’ + by’ + cy = 0 va viét
nghiém tong quat ctia no 1a
[4] y(x) = Cy (%) + Coyz(x)
trong do6 y1 va yz 1a cac nghi€ém doc lap tuyen tinh. Chung ta thay cac hang so (hay tham so) C;
va C; trong phuong trinh 4 boi cdc ham tuy ¥ ui(x) va ux(x). Ching ta tim nghiém riéng cua
phuong trinh khong thuan nhat ay”’ + by’ + cy = G(x) duéi dang
[5] Yp () = uy (1)1 (%) + up (1) y2 (%)

(Phuong phap nay dugc goi 1a bién thién tham sd vi chung ta cho cac tham sé C; va Ca bién
thién nhu cac ham sd.) Pao ham phuong trinh [5] ta nhan dugc
[6] Vp(x) = (ugy1 + uzy2) + (Wayy + uzy3)

Béi vi ui va u 1a cac ham tlly y nén chiing ta c6 thé ap dat hai diéu kién 1én chung. Mot
diéu kién 13 y, 1a nghiém cta phuong trinh vi phan, mot diéu kién khac duoc dua ra dé don gian
viéc tinh toan. Tir dang ctia biéu thirc trong phuong trinh [6], chiing ta ap dit didu kién
[7] u1y; +uzy, =0

Khi do Yo =uryr +uzyy +wayy’  upyy

Thay vao phuong trinh vi phan ta nhan dugc
(8] uy(ayy’ + byi + cy1) + uy(ay; + by; + cya) + aluyyr +uzy;) =G

Nhung y1 va y» 1a cac nghiém cta phuong trinh thuan nhat nén
ay; +by; +cy; =0 va ay; +by; +cy, =0

Va phuong trinh [8] dugc don thanh

[9] a(uiy; +uzy;) =G



Giai hé hai phuong trinh [7] va [9] ta nhan dugc cac ham ui' va uy', sau khi tich phan ta
nhan duoc ur va uz va cudi cling ta nhan dugc nghiém riéng theo phwong trinh [5].
Vidu 7 Giai phuong trinh y"' + y = tanx,0 < x < m/2
Loi giai Phuong trinh dic trung 12 + 1 =0 ¢6 cac nghiém i, vi thé nghiém tong quat cia
phuong trinh thuan nhét twong tng 14 y,(x) = C;sinx + C,cosx. St dung phuwong phap bién
thién tham sd, ta tim nghiém riéng dudi dang ¥p (%) = uy (x)sinx + uy(x)cosx. Khi d6

¥p = (uj sinx + uy cos x) + (u; cos x — u, sinx)

bat
[10] uysinx + uycosx =0

Thi Vp (X) = UjCOSX — U,SINX — Uy SINX — U,COSX

Dé y, 1a nghiém ta phai c6
[11] Vp + ¥Yp = U3COSX — UpSinx = tanx

Nhén phuong trinh [10] véi sinx va phuong trinh [11] v6i cosx 1di cong lai ta duoc

uj(sin? x + cos? x) = cosxtanx uj; = Sinx Uy = —COSX
(Chung ta tim mot nghiém riéng nén khong can thiét téi hang s6 cua tich phan)
Tu phuong trinh [10] ta nhan dugc

, sinx | sin? x cos?x —1
u, = — up = — =— = cosx — secx
cosx cosx cosx
25 Vi vdy, u,(x) = sinx — In(secx + tanx)

(Chu ¥ rang sec x + tan x > 0 d6i v6i 0 < x < 7/2)
=] Do d6

¥p(x) = —cosxsinx + [sinx — In(secx + tan x)] cos x

“I' High'5 = —cosx In(secx + tanx)
Nghiém tong quat 1a
y(x) = —cosxIn(secx + tanx) + C;sinx + C,cosx ®m

Hinh 5 la d6 thi ctia b6n nghiém riéng cia phwong trinh trong Vi du 7.

6.3. Ung dung ciia phwong trinh vi phan cip hai

Phuong trinh vi phan tuyén tinh cdp hai c6 nhiéu tmg dung trong khoa hoc va k¥ thuat.
Trong muc nay ching ta kham pha hai ting dung: dao ddng cua 16 xo va mach dién.
6.3.1. Dao dong cua lo xo

Chiing ta xem xét chuyén dong cua mot vat co khdi luong m tai mot dau cua mot cai 1o
xo0 hoic 1a thang dimg (nhu trong Hinh 1) hodc nim ngang trén mot bé mit bang phing (nhu
trong Hinh 2).

Vi tri can bang

Vi tri _"_" AAARARASE o
can bing

Hinh 1 I Hinh 2




Theo Dinh luat Hooke, néu 16 xo dugc kéo gian (hodc nén) x don vi chiéu dai tu nhién
cua no, thi n6é tao nén mat lyc ty 1€ thuan véi x: Faan ndi = —kx
trong d6 k 14 hang s6 duong (duoc goi 1a hé s co gidn). Néu ching ta bo qua moi luc can (st
can khong khi hoac ma sat), thi theo Pinh luat thir hai ctia Newton (F = ma), ta c6
[1] m&=—kx hay mdz—x+kX=0

dt? dt?

Pay 1a phuong trinh vi phan myén tinh cép hai. Phuong trinh dic trung lamr? + k = 0

véi cac nghiém r = tiw, trong d6 w = \/k/_m Vi vay nghiém tong quat la
x(t) = C; cos wt + C, sin wt, c6 thé viét lai 1a x(t) = A cos(wt + &)

trong do

w = \[k/m (tins6), A = \/CZ + CZ (bién d5), cos § = =X, sin& = — =2 (5 1a goc pha)

Pay 1a loai chuyén dong duoc goi 1a dao dong diéu hoa (simple harmonic motion).
Vidul Mot 16 xo khdi luong 2kg c6 do dai ty nhi€n 0.5m. Mot luc 25.6N 1a can thiét
dé duy tri kéo dai 10 xo dén do dai 0.7m. Néu 10 xo duoc kéo dai téi do dai 0.7m va sau duoc
tha ra v6i van tdc ban du 0, tim vi tri cta vat thé tai thoi diém t bat ky.
Loi giai Tt Pinh luat Hooke, lyc can thiét dé kéo gidn 16 xo 1a k(0.2) = 25.6, nén k =
128. Str dung gid tri nay cua k cung véi m = 2 vao phuong trinh [1] ta co

d?x
2 92 +128x =0

Nhu da trinh bay chung gan day, nghiém cta phuong trinh nay la
[2] x(t) = C, cos 8t + C, sin 8t

Chung ta c¢6 diéu kién dau x(0) = 0.2. Nhung tir phuong trinh [2], x(0) = C1, vi vay C; =
0.2. Bao ham phuong trinh [2] ta dugc

x'(t) = —8C; sin 8t + 8C, cos 8t
Boi vi van toc ban dau 12 x'(0) = 0 nén C2 = 0, va vi vay x(t) = %cos 8t n

6.3.2. Dao dong tit dan

Tiép theo chiing ta xem xét chuyén dong ctia mot 16 xo chiu mot lyc ma sat (trong truong
hop 16 xo ndm ngang nhu Hinh 2) hodc lyc giam chéan (trong trudong hop mot 10 xo doc di
chuyén thong qua mot chét 1ong nhu trong Hinh 3). Mot vi du vé lyc giam chén 14 giam xoc
trong mot chiéc xe 6 to hodc mét chiéc xe dap.

Chung ta gia dinh rang luc giam chan 14 ty 1& thuan véi van toc clia vat va tac dong nguoc
chiéu voi chuyén dong. (Piéu nay da dugc khang dinh boi, mot sé thi nghiém vat 1y.) Vi vy

d
ngém chén = —C d_);
trong d6 ¢ 1 hang s6 dwong, duoc goi 1a hé sé giam chan. Vi vay trong trudng hop nay, Dinh

1y thtr hai cia Newton cho ra

d?x dx
M7 = Faan hoi + Fgiam chan = —kx —c—
hay
d’x  dx
[3] m—+c—+kx=0

dt? dt



Phuong trinh [3] 1a phuong trinh vi phan tuyén tinh cép hai, phuong trinh dic trung ctia
n6 la mr? + cta + k = 0. Nghiém ca phuong trinh dic trung 1a

—c+Vc? —4mk —c —Vc? —4mk
[4] = om = om

Theo muyc 6.1 ching ta can thao luin van dé nay.
Trudng hep 1 ¢? — 4mk > 0 (giam chan gia)

Trong truong hop ndy, 11 va r2 1a nhitng s6 thuc khac nhau, va x = C;e™t + C,e™!

Boi vi ¢, m va k déu 1a cac sb duong, ta co V2 —4mk < ¢, nén r; va r; duge cho boi
phuong trinh [4] déu am. Piéu d6 chimg t6 rang x — 0 khi t — co. Cac db thi dién hinh ctia x
nhu 12 ham cua t dugc chi ra trén Hinh 4. Cha ¥ ring cac dao dong khong xay ra. (C6 thé cho
vat di qua vi tri cdn bang mot lan, nhung chi mét 1an.) Diéu nay 14 do ¢2 > 4mk c6 nghia 1a c6
mot luc giam chin manh (déu d06 nhdt cao hodac mo) so voi mét 16 xo yéu hoac vat nho.
Truong hop 2 ¢ — 4mk = 0 (giam chan toi han)

\ \ , 7 [N c , A N
Trudng hop nay tuwong Gng véi nghiémr; =1, = — 7 Va nghiém la

x = (Cy + Cyt)e~(c/zmit
Tuong tu nhu Trudng hop 1, cac dd thi dién hinh giéng nhu trong Hinh 4 (xem bai tap
12), nhung giam xéc 1a vira du dé ngin chin rung dong. Bat ky giam do nhét cia chat 16ng dan
dén su rung dong cua cac truong hop sau day.
Trwong hop 3 ¢? — 4mk < 0 (giam chén non)
Phuong trinh dac trung c6 hai nghiém phuc
Vamk—c?

c . 9 A
N, =——=iw odiy w=
12 2m — y 2m
Nghiém dugc cho bdi

x = e~ €/2Mt(C, cos wt) + C, sin wt
Chung ta thay rang nhimg dao dong la giam dan boi nhén t6 e_(ﬁ)t. Béivic>0vam>

c

0, chung ta c6 —(c/2m) < 0 nén e_(zm)t—> 0 khi t — oo. Pidu d6 bao ham x — 0 khi t — oo,

nghia 1& chuyén dong giam dan vé 0 khi t ting. Mot d6 thi dién hinh duoc chi ra trén Hinh 5.
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Hinh 4 Giam chén gia Hinh 5 Giam chén non
Vidu 2 Gia su 10 xo trong Vi du 1 dugc ngdm trong mot chat 16ng voi hé s6 giam chan

¢ =40. Tim vj tri ctia vat thé tai thoi diém bat kyt néu n6 bat du tir vi tri can bﬁng va duoc déy
v6i van tdc ban dau 0.6 m/s.
Loi giai Tu Vidu 1, voi m =2 va k=128 nén pt vp [3] tr6 thanh



2d2x+40dx+128 =0 h d2x+20dx+64 =0
dt? dt = Y a4 dt x=

o Phuong trinh dic trung 72 + 207 + 64 = 0 c6 cac nghiém —4
va —16 nén chuyén dong la tit dan va nghiém la
[\ x(t) = Ce ™t + Cye~ 16,
Ching ta co x(0) = 0nén C; + C, = 0.
Lay dao ham ta nhan duoc
x'(t) = —4Ce ™ — 16C,e7 1% nén x'(0) =4C, —16C —2=10.6
Bé&ivi C, = —C;, nén 12C; = 0.6 hay C; = 0.05. Do d6 x = 0.05(e™*t —e~16%), m
Hinh 6 1a d thi caa ham vi tri d6i véi chuyén dong tat dan trong Vi du 2.
6.3.3. Dao déong cuong birc
Gia su rr?lng, ngoai cac luc dan hdi va luc giam chén, su chuyén dong cua 10 xo bi anh
hudng boi mot ngoai luc F(t). Khi do, Dinh luat thir hai cua Newton cho
d?x dx
mw = Faannoi + ngémche”m + anoéi = —kx — C%

Vi vy, thay vi phuong trinh thuan nhét [3], chuyén dong cua 16 xo dugc diéu chinh thanh

+F()

phuong trinh vi phan khong thuan nhat sau:
d’x  dx
[5] mmﬁ'CE'l'kX:F(t)
Chuyén dong ctia 10 xo ¢ thé duoc xac dinh boi phuwong phap & muc 6.2.

Mot loai thuong xay ra cua ngoai luc 1a ham luc tuan hoan
F(t) = Fycoswot voi wy # w = \/k/—m
Trong trudng hop nay, va khi khong c¢6 luc giam chan (¢ = 0), st dung phuong phéap hé
sO bét dinh chi ra ring
Fo

[6] x(t) = C; cos wt + C, sin wt + >
m(w? — w§)

cos wyt

Néu mo = o thi tan sé 4p dung ting cudng tan s6 tu nhién va két qua 1a rung dong véi bién
d6 lon, day 1a hién tuong cong hudng.
6.3.4. Mach dién
R Tai muyc 5.3 va 5.5, chung ta da co thé str dung cac phuong
il " trinh vi phan phan ly va tuyén tinh cip mot dé phan tich mach
e dién chira mot dién tré va cudn cam (xem Hinh 5 tai muc 5.3 hodc
& Hinh 4 tai muc 5.5), hodc mét dién trd va tu dién (xem bai tap 29
[ | | tai myc 5.5). Bay gio chung ta phan tich cac mach hién thi trong
Hinh 7 = Hinh 7 va s& st dung phuong phap giai phuong trinh vi phan
tuyén tinh cap hai dé giai cac bai toan lién quan. Hinh 7 chira mot ngudn dién E (cung céap boi
mot pin hodc may phat dién), mot dién tré R, mot cudn cam L va mot tu dién C. Néu dién dung
trén tu dién tai thoi diém t 1a Q = Q(¢t), thi dong dién 1a téc d6 thay doi cua Q theo t: I =
dQ/dt. Nhu trong ph?m 5.5, n6 dugc biét dén tur vat ly rﬁng hiéu dién thé trén dién trd, cudn
cam va tu di¢n tuong ung la R/ Ldl/dt o/c

Dinh luat Kirchhoff néi rang tong cac hiéu dién thé d6 bang dién ap di cung cap



LdI+RL+Q—Et
dt c (©)

Vi I = dQ/dt nén phuong trinh tr¢ thanh

[7] L—+R—+1Q=E(t)

d6 1a phuong trinh vi phan tuyén tinh cip hai hé s6 hiang s6. Néu dién dung Qo va dong dién I
1a cac gid tri tai t = 0 thi ching ta c6 cac diéu kién ddu Q(0) = Q, Q'(0) =1(0) = I,
va bai toan gia tri ddu co6 thé duoc giai bang phwong phap trong muc 6.2.

Phuong trinh vi phan dbi v6i dong dién c6 thé nhan duoc bang cach dao ham phuong

trinh [7] theo t va luu ¥ rang I = dQ/dt:
2

LdI+Rd+11—Et
dt? dt ¢ (©)

Vidu 3 Tinh dién dung va dong dién tai thoi diém t trong mach dién ctia Hinh 7 néu R
=40Q,L=1H, C=16x10*F, E(t) = 100 cos 10t va dién dung v6i dong dién ban dau bang 0
Loi giai Vi cac gia tri da cho cua L, R, C va E(t), phuong trinh [7] tré thanh
[8] dZ—Q+4Od—Q+ 625Q = 100 cos 10t
dt? dt
Phuong trinh dic trung 1a 7% + 407 + 625 = 0 c6 cac nghiém

—40 + /=900
rp=—————=-20%il5

vi vay nghiém cuia phuong trinh thuan nhat 13 Q.(t) = e™2%(C; cos 15t + C, sin 15¢t)
Chung ta tim nghiém riéng dang Qp(t) = Acos10t + B sin 10t
Khi d6 Qp(t) = —10Asin 10t + 10B cos 10t
QI','(t) = —1004 cos 10t — 100B sin 10t
Thay vao phuong trinh [8] ta dugc
(—100A4 cos 10t — 100B sin 10t) + 20(—10A sin 10t + 10B cos 10t)
+625(A cos 10t + B sin 10t) = 100 cos 10t
Can bang cac hé s6 ta co

{ 5254 +400B = 100 h { 21A+16B =4
—4004 + 525B =0 Y1-164 +21B =0

Vi vay nghiém riéng la

_ L -
Qy(t) = e (84 cos 10t + 64 sin 10t)

A =84/697

Nghiém cua h¢ 1a {B = 64/697

Va nghiém tong quat 1a
Q) = 517(84 cos 10t + 64 sin 10t) + e~2%¢(C, cos 15t + C, sin 15¢t)
Ap diéu kién dau Q(0) = 0, ta nhan dugc

Q(O)=61+%:O nén C, = — —

697

bé ap diéu kién khac, ta dao ham dé tim dong dién
_do_ 40 (—21sin10t + 16 10t)
=3 =597 sin cos

+e720[(=20C, + 15C,) cos 15t + (—15C; — 20C;) sin 15¢]

640 464
10) = =20C; +15C, +22=0 €= ——=



Vi vay cong thirc cia dién dung la

4
Q(t) =97

va biéu thirc cho dong dién 1a

1
[(21 cos 10t + 16 sin 10t) — §e‘2°t(63 cos 15t + 116 sin 15t)]

I'= 5557 [120(~21sin 10t + 16 cos 100) + €72 (~1920 cos 15¢ + " sin 15t )|
Chuy1 Trong Vi du 3, nghiém Q(t) bao gdm hai phan. Béi vi e 72%¢ — 0 khi t — o va
”-f_ = p cé cos15t va sinl5t 1a bi chdn nén Q(t) — 0 khi t — oo. Vi thé véi gia
AN \_ |, titdalon QD) = Qy(6) = %(21 cos 10t + 16 sin 10t)
X J’f \\.\h_/f; va vi thé Q, (t) duge goi la nghiém 6n dinh. Hinh 8 so sanh d thi ciia
02 Hinh g nghiém oOn dinh véi d6 thi cua Q trong truong hop nay.
Chuy2 So sanh cac phuong trinh [5] va [7], chiing ta thay rang vé phuong dién toan hoc

chung giéng nhau. Piéu nay cho thiy su tuong tu dugc dua ra trong biéu do sau ddy giita cac

trang thai vat ly ma ¢ cai nhin dAu tién, 1a rat khac nhau.

Hé théng 10 xo Mach dién
X khoang cach 0 dién dung
dx/dt  van toc I=dQ/dt dong dién
m khéi luong L dién cam
c hé s6 giam chdn | R dién tro
k hé s6 co gidn 1/C nghich dung
F@) ngoai luc E®) suc dién dong

Chung ta ciing c6 thé chuyén nhing y tuong khac tir tinh hudng nay dén tinh huéng khac.
Vi du, nghiém on dinh duoc théo luan trong Chu y 1 c6 y nghia trong hé¢ théng 16 x0. Va hién
tugng cong hudng trong hé thong 16 xo c6 thé hitu ich khi chuyén sang mach dién nhu cong

hudng dién.

6.4. Nghiém dang chudi

Nhiéu phuong trinh vi phan khong thé dugc giai tuong minh boi sy két hop hitu han cac
ham don gian quen thudc. Piéu nay ding ngay ca d6i vi mot phuong trinh nom don gian nhu
[1] y'—2xy'+y=0

Nhung viéc giai cic phuong trinh nhu phuong trinh [1] 13 rit quan trong bdi vi n6 phat
sinh tir cac bai toan vét ly va dac biét, trong su lién quan téi phuong trinh Schrodinger trong co
hoc luwong tir. Trong truong hop nhu vay chung ta sir dung phuong phap chudi lily thira, c6
nghia la, chung ta tim nghi¢m dudi dang

y=f(x)= 2 CnX™ = o + X + cpx% + cgx3 + -
n=0
Phuong phép nay 1a thay biéu thirc vao phuong trinh vi phan va xac dinh cac hé s6 co, c1,
c2, ... K§ thuat nay gidng nhu phuwong phéap hé s6 bat dinh da thao luan trong muc 6.2.
Tru6e khi str dung chudi lily thira dé giai phuong trinh [1], chiing ta minh hoa phuong
phap boi mot phuong trinh don gian hon, y" + y = 0. Thuc té 1a ching ta di biét cach giai



phuong trinh nay boi k¥ thuat & myc 6.1, nhung phuong phéap chudi lity thira s& dé hiéu hon
khi &p dung cho phuong trinh don gian nay.

Vidul St dung chudi lity thira dé giai phuong trinh y" +y = 0.

Loi giai Chung ta gia st nghiém c6 dang

[2] Y=o+ X + cpx% 4 c3x3 4 - =chxn
n=0

Chuing ta dao ham ting tir ciia chudi liiy thira

y' =c1+ 2¢x + 3c3x2 4+ deyxd + - = Z ne,x™ !
n=1
[3] y'" = 2c, +2.3c3x + 3.4cyx? + - = Z n(n —1)c,x™ 2
n=2

Dé so sanh cac biéu thirc ctia y va y" dé hon, ta viét lai y" nhu sau
[4] Y =D (4 D+ Degypr”
n=0

Thay céc biéu thirc & cac phuong trinh 2 va 4 vao phuong trinh vi ta nhan duoc

Z(n +2)(n + Dcppx™ + Z cpx™ =0
n=0 n=0

hoac

[5] Z[(n +2)(n+ 1)y +cp]x™ =0

Néu hai chudi lity thira bang nhau thi cic hé sé twong ing phai bang nhau. Do d6 céc hé
s6 cua X" trong phuong trinh [5] phai bang 0, (n + 2)(n + 1)cyy2 + ¢, = 0, hay

Cn
L6] 2 = X Dt 1)

Phuong trinh [6] duong cong goi 1a dé quy. Néu co va ci 1a da biét thi phuong trinh nay

n=20123,..

cho phép xac dinh cac hé sb con lai theo cach dé quy bﬁng cachdatn=0,1, 2,3, ... tiép theo.

- C C
bitn=0: Cp=—"2=—-=2
1.2 2!
- [ C
bitn=1: g=——=2=—-2
2.3 3!
- C C C,
Patn=2: Cp=—2=—"2==2
: 3.4 2134 4l
- C [ c
bitn=3: (s=—2=—"2=2=
: 45 3145 5
- C C C
bitn=4. ¢=—-——"S=-——=-2
5.6 4156 6!
- C C C
batn=>75: (;=——==——" ==
6.7 51.6.7 7!
Vi thé chiing ta nhan thay
7 A A e 2 A < C
Véi hé so ¢6 chi s6 chan, Cop = (=)™ (22)'
re1 A A y s A 12 C1
Vi hé s6 ¢6 chi so 1¢ c = (="
; ) 2n+1 ( ) (2n+1)!

Dit cac gia tri d6 vao phuong trinh [2], ta viét nghiém 1a



Y = Co+ X + c3x% + c3x3 + cyx* + csx® + -

x2 X4 x6 xZn
=c|l-=+—=—=+ -+ (1" + oo

21 41 6! (2n)!
x3 xs x7 x2n+1
+c; <x—§+§—ﬁ+ et (—1)”m+ )
x2n+1
= COZ( DG an)! Z( D v
Trong d6 c6 hai hang s6 tiy ¥ 13 ¢o va c1, nén day chinh 1a nghiém tng quat [
Chiayl1l Chuing ta nhan théy nghiém chudi nhan dugc la chudi Malaurin clia cosx va sinx.

Do d6 ta c6 thé viét lai nghiém nhu sau
y(x) = cycosx + ¢y sinx
Nhung khong phai luon ludn c6 thé biéu dién cac nghiém chudi liy thira cia phuong trinh
vi phan theo cac ham da biét.
Vidu 2 Giai phuong trinh y" - 2xy' + y =0
Loi giai Chung ta gia st nghiém c6 dang

Khi d6 =2 nc,x™ =Zn

n=1 n=0
va y' = Z nn—1c,x™? = Z(n +2)(n + 1)cpyax™
n=2 n=0
Thay vao phuong trinh vi phén ta nhan dugc
Z(n +2)(n 4+ 1)cpyx™ — 2x Z ne,x™ 1t + Z Cpx™ =
=0 n=0 n=0
Z(n +2)(n+ D)cpyx™ Z 2nc, x" + Z X" =
n=0 n=0

Z[(n +2)(n+ Depyr — (2n— Dy Jx™ =

Phuong trinh nay 1a dung néu cac hé sb ctia x" bang 0:
n+2)(n+ Ve —2n—1)c, =0
2Zn—1

7 Cpop = —————C
7l 2T m+2)(m+1D) ™
Giai quan hé dé quy bang cach dit lién tiép n=0, 1, 2, 3, ... vao phuong trinh [7]:
Stn=0 = — Lo = _1
bitn=0:¢c, = 560 =—5C0
1 1
Datn—l C3—23C1—§C1
Pitn=2: S =y =~
AN= 26 =370 = 750 = Tt
5 15 15
batn=3: 5=, =5 0



7 3.7 3.7
batn=4:¢c, =—c, =——cy=——=c
: 6 T 56 4 4156 0 6! 0
9 1.5.9 1.5.9
Patn=5.¢;, =—¢cc =——¢c, =—c¢
: 77 6775 " 5167 1 71 1
11 3.7.11 3.7.11
Patn=6:cg =—c, = ———cy = — C
: 87 786 6178 0 gt 0

< 13 1.5.9.13
batn=7:¢g = —c;, =
8.9 9!

€1
Tong quat, cac hé sb chi sé chin la
_ 371...(4n—5)
‘on =7 2n)!

Co

va cac hé sb chi sd 1é 1a
1.59....(4n —3)
e T e TR

Nghiém la
Yy = Co+ X + c3x% + c3x3 + cyx* + csx® + -
—oo L, 3, 37, 3711, )

TR TR TR T
1, 15 . 159 . 15913 |
+cl<x+§x +§x + T x" + o1 X )
hoac
8y = e, <1 ~ %xz ~ Z 3.7. (2(7;1)1: 5)) e, (x . Z 1.5.9(.2.7;.JE4S! 3) x2"+1>
n=2 n=1
Chuy2 Trong Vi du 2 ta da gia thiét ring phwong trinh vi phan c6 nghiém dang chudi.
Nhung bay gi¢ ching ta can kiém tra truc tiép rang ham da cho boi phuong trinh [8] ding 1a
nghiém.
Chuy3 Khac véi tinh trang ctia Vi du 1, chudi liiy thira sinh ra trong Vi du 2 khong xac

dinh cac ham co ban. Cac ham
1 [ee]
@ =1-2x2 -3,

1a cac ham hoan toan tot nhung chiing khong thé dugc biéu dién béi cac ham co ban quen thudc.

3.7....(4n-5)
2n)!

159...(4n-3) oniq
2n+1)!

vay,(x) = x + X5y
Chung ta c6 thé sir dung chudi lity thira biéu dién y; va y» dé tinh cac gi tri xap xi ctia ham va
tham chi v& do thi cua chung. Hinh 1 chi ra mdt vai téng riéng dau tién To, T, Ty, ... (da thue
Taylor) ctia yi(x), va ta thiy chung hoi tu tdi yi(x) nhu thé nao. Bang cach dé, chung ta vé db
thi cua cd yi(x) va y2(x) trén Hinh 2.
Chiiy 4 Néu chung ta dugc yéu cau giai bai toan gi tri dau
y'=2xy'ty=0 y(0)=0 y'(0)=1

chung ta can nhd lai rang, theo khai trién Maclaurin thi co = y(0) =0 va c1 = y'(0) = 1.

Diéu d6 co thé 1am don gian viéc tinh toan trong Vi du 2, béi vid tat ca cac hé sd voi chi

s6 chin can phai bang 0. Nghiém ciia bai toan gia tri dau 1a

[ee)

1.59....(4n -3
y(x):“Z (2n£1r;! e
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